MATH 303 — Measures and Integration
Homework 2

Problem 1. Suppose B is an infinite o-algebra (on an infinite set X).
(a) Show that B contains an infinite sequence (Ey,)nen of pairwise disjoint sets.

(b) Deduce that B has at least the cardinality of the continuum.

Solution: (a) We will prove the following lemma to enable an inductive argument.

Lemma 1. Let C be an infinite o-algebra on an infinite set Y, and let E € C with) # E #Y .
Then either
Co={CNE:CeC)

s an infinite o-algebra on E or
CY\E = {C\ECGC}
is an infinite o-algebra on 'Y \ E.

Proof. First, let us check that Cg is a o-algebra on E (applying the same argument to the set
Y\ E will also show that Cy\ g is a o-algebra on Y\ E). We may write E =Y NFE, so E € Cp.
If B=CNE€Cg, then E\B=EN(Y\C) € Cg, since C is closed under complementation.
Given sets B, = C, N E € Cg, we may form their union (J,cxyBn = (UpenCn) N E € Cg.
Hence, Cg is a o-algebra.

Now let us prove that one of the o-algebras Cg or Cy g is infinite. Suppose for contradiction
that Cp and Cy g are both finite. Then given any set C' € C, we may write C' = (CNE)U(C\E).
But by assumption, there are only finitely many choices for C N E and C'\ E, so there are only
finitely many such sets C'. This is a contradiction, since C is an infinite o-algebra. Thus, one
of the o-algebras Cg or Cy\ g must be infinite. O

We will now use Lemma 1 to construct the sequence (E,)nen by induction. Let Ay € B be
an arbitrary measurable set with () # A; # X. By Lemma 1, either B4, or B X\4, 1s infinite.
Let By € {A1, X \ A1} such that Bx\ g, is infinite. Write X7 = X \ £y and By = B, .

Suppose we have chosen pairwise disjoint sets E1, ..., F, so that for X,, = X\ (E1U---UE,,),
the o-algebra B,, = By, is infinite. We then choose A,,1 € B,, arbitrarily with () # A, 11 # X,
and let Epi1 € {Any1, Xn \ At} such that By, \4,,, is infinite. Such a choice for 11
is possible by applying Lemma 1 with ¥ = X, and C = B,,. Put X, 11 = X,, \ Ep41 =
X\ (F1U---UE, UE, 1) and B,y = Bx,_,. Note that E, is disjoint from all of the sets
by, ..., B, since B4 C X,

Thus, by induction, we have constructed an infinite sequence of nonempty pairwise disjoint
elements of B.

(b) To show that B has at least the cardinality of the continuum, it suffices to produce an
injective map from {0, 1} to B. Let (E,)nen be the sequence from part (a). Given an infinite




binary sequence w € {0, 1}, define

Since the sets (E,)nen are pairwise disjoint, we have

E,AEy= || Ea
n:w(n)#w’ (n)

for w,w’ € {0,1}. Thus, w — E,, is an injective map and we are done.

Problem 2. Prove that the following sets are Borel sets in R:

(a) The set of points of continuity
Cy={x € R: fis continuous at x}

for an arbitrary function f: R — R.

(b) The set of points of convergence
Conv={zr e R: lim f,(x) exists}
n—oo

for an arbitrary sequence of continuous functions f, : R — R.

Solution: (a) Define the oscillation of f at a point z € R by

oscf(z) = lim sup |f(y1) = f(y2)l-
6—0+ r—0<y1,y2<x+0

Note that f is continuous at a point z if and only if oscy(z) = 0. We claim that the set
U:. = {x € R:oscy(x) < e} is open for every € > 0. Suppose x € U.. Then there exists 6y > 0

such that if § € (0,d0), then sup, sy, yo<oro |f(¥1) = f(y2)] < e. We will show B <$’ %) C Ue.
Indeed, if y € B <$, %0), then for any § € (0, %0),

sup |f(y1) = fly2)] < sup |f(y1) = f(y2)] <e.

y—6<y1,y2<y+6 z—(6+00/2)<y1,y2<y+(d+d0/2)

Thus, U is open, so

Cr= () Uym

neN

is a G set.

(b) We will use the fact that lim, .~ fn(x) exists if and only if (f,(z))nen is a Cauchy
sequence. Namely,

c=NU N {serilme-pwi< ]}

neEN NeNm,k>N




The innermost set is closed, since f,, and f; are continuous functions for each m,k € N.
Therefore, C' is an F, set.

Problem 3. Let (X, B) be a measurable space, and let p : B — [0, 00]. Prove that p is a measure
if and only if it satisfies the following three properties:

o u(0) =0;

e FINITE ADDITIVITY: for any disjoint sets A, B € B,
u(AU B) = pu(A) + u(B);

e CONTINUITY FROM BELOW: if B4 C Ey C --- € B, then

m (U E> = lim u(Ey).

neN

Solution: Countable additivity is stronger than finite additivity, and every measure is contin-
uous from below by Proposition 2.15 from the lecture notes. Therefore, every measure satisfies
w(@) = 0, finite additivity, and continuity from below.

Conversely, suppose () = 0, and g is finitely additive and continuous from below. We
need to show that u is countably additive. Let (E,),en be a sequence of disjoint measurable
sets. Let By = |_|fALV:1 E,. Then by finite additivity,

N
wEN) = w(Ey).
n=1
Moreover, Ef C E C ..., so by continuity from below,
N 00
_ A Iy _
m (I_I En) =u ( U EN> = lim p(Ey) = lim Y p(En) =) En.

neN NeN n=1 n=1

That is, g is countably additive, so p is a measure as desired.




